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Abstract
We study quantum effects in five dimensions in heterotic superstring theory com-
pactified on K3 × S1 and analyze the conjecture that its dual effective theory is
eleven-dimensional supergravity compactified on a Calabi-Yau threefold. This theory
is also equivalent to type II superstring theory compactified on the same Calabi-Yau
manifold, in an appropriate large volume limit. In this limit the conifold singularity
disappears and is replaced by a singularity associated to enhanced gauge symmetries,
as na¨ıvely expected from the heterotic description. Furthermore, we exhibit the exis-
tence of additional massless states which appear in the strong coupling regime of the
heterotic theory and are related to a different type of singular points on Calabi-Yau
threefolds.
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1. Introduction
Among different duality conjectures, one of the most appealing is the possible relation of
superstring theory with an underlying 11-D theory which may have only a non-perturbative
definition [1]. There is an evidence that this theory, whose low-energy limit is described
by the coupling constant-free 11-D supergravity, must be suitably implemented by two-
and five-brane solitonic solutions, in order to be at least equivalent to lower dimensional
string theories [2]. These solutions imply that in seven dimensions the heterotic string
compactified on T3 should be equivalent to 11-D supergravity compactified on K3 [1] and
that in five dimensions the heterotic string compactified on K3×S1 should be equivalent to
11-D supergravity compactified on a Calabi-Yau threefold [3, 4]. These compactifications
preserve N = 2 simple supersymmetry in D = 7 and in D = 5, respectively.1
The interest in dealing with a five-dimensional theory is that, unlike in higher dimen-
sions, the spectrum of massless states can change model by model. The numbers of neutral
massless vector multiplets and hypermultiplets of the heterotic string, in the abelian phase,
should be in correspondence with the Hodge numbers h(1,1) and h(2,1) of the 11-D theory
[5, 6]. Indeed, in D = 5, the number of vector multiplets is nV = h(1,1)− 1 and the number
of hypermultiplets nH = h(2,1) + 1. The simplest model must have h(1,1) = 3 since on the
heterotic side, compactified on K3 × S1, one gets at least three vector fields: gµ6, bµ6 and
the antisymmetric tensor bµν which is dual to a vector in D = 5. One of the vector bosons
corresponds to the graviphoton of the gravitational supermultiplet while the remaining two
form vector multiplets whose (real) scalar components are the 5-D dilaton φ and the radius
field R associated with S1. A possible way to reduce the number of vectors is to consider
a 5-D theory with a fixed radius R0. In that case only one combination of gµ6, bµ6 appears
which corresponds to the graviphoton, and the theory is related to h(1,1) = 2 Calabi Yau
threefold. In general if a gauge group of rank r is added so that h(1,1) = 2 + r, the scalar
1We call simple the smallest possible supersymmetry existing in a given dimension D.
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components of vector multiplets parameterize the space
M = O(1, 1)× O(1, r)
O(r)
. (1.1)
It is well known that, in five dimensions, the (h(1,1)−1)-dimensional space M of scalar
components of N = 2 abelian vector multiplets coupled to supergravity can be regarded as
a hypersurface of a h(1,1)-dimensional manifold whose coordinates X are in correspondence
with the vector bosons, including the graviphoton [7]. The equation of the hypersurface is
V(X) = 1, where V is a homogeneous cubic polynomial in X ’s. If V is factorizable, i.e. of
the form V = sQ(t), where Q is a quadratic form in t’s, thenM is given precisely by (1.1).
It is also known that the function V(X) describing the vector multiplet sector of 11-D
supergravity compactified on a Calabi-Yau threefold (CY) is given by the CY intersection
form [8, 6, 3]. If we consider a threefold obtained by a K3 fibration [9], then
V = sQ(t) + C(t) , (1.2)
where Q(t) is quadratic and C(t) is cubic. From the heterotic point of view, identifying s
as the inverse of the string loop expansion parameter (s ∼ 1/g2), we see that the first term
corresponds to a tree-level contribution and gives the desired scalar manifold (1.1). Hence
K3 fibrations provide good candidates for CY duals of the heterotic theory. The cubic form
C(t) should be obtained by a one-loop calculation in the heterotic theory, reproducing all
remaining CY intersection numbers. In this paper we show that this is indeed the case.
The paper is organized as follows. In section 2, we discuss the basic features of 5-D
theories obtained by compactifying 11-D supergravity on Calabi-Yau threefolds. For CY
manifolds which are K3 fibrations, we perform a duality transformation which brings the
lagrangian to a form that can be compared with the 5-D heterotic superstring, with one of
the vector bosons replaced by the antisymmetric tensor field. In section 3, we determine
the one-loop effective action by computing appropriate heterotic superstring amplitudes in
a rank 2+1 model. Our results agree with the known form of the 4-D N = 2 prepotential
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of the heterotic theory compactified on K3 × T2 [13, 14], in the decompactification limit
in which one of the torus radii goes to infinity. We argue that the one-loop results are
exact, at least in some finite region of the moduli space. In section 4, we discuss duality
between the heterotic theory and 11-D supergravity compactified on Calabi-Yau threefolds,
providing a dual description of the enhanced gauge symmetry points which unlike in four
dimensions remain present in the full quantum theory.2 In section 5, we exhibit the existence
of additional massless states which appear in the strong coupling regime of the heterotic
theory.
2. 11-D Supergravity Compactified to D = 5 on Calabi-Yau Three-
folds
In this section we will recall the basics of the low-energy theory of 11-D supergravity
compactified on a generic Calabi-Yau threefold with Hodge numbers h(1,1), h(2,1) and the
intersection numbers CΛΣ∆ (Λ,Σ,∆ = 1, . . . , h(1,1)) [3]. The bosonic fields of 11-D theory
are the elfbein eµˆaˆ and the three-form gauge field Aµˆνˆρˆ, with all indices running over
1, . . . , 11. It is convenient to split these indices as µˆ = (µ, i, ¯), µ = 1, . . . , 5 and i, ¯ = 1, 2, 3.
The h(1,1) moduli split then into h(1,1) − 1 moduli with unit volume (det gi¯ = 1) and the
volume modulus det gi¯. The massless spectrum contains h(1,1) − 1 vector multiplets with
real scalar components given by the moduli at unit volume. The vector bosons, including
the graviphoton, are the h(1,1) one-forms (on space-time) Aµi¯. There is one universal
hypermultiplet with the scalar components (det gi¯,Aµνρ,Aijk = ǫijka). There are also h(2,1)
additional hypermultiplets whose scalar components are given by the complex scalar pairs
(gi¯,Aijk¯). For our purposes, the most important fact is the absence from the spectrum of
a scalar corresponding to a two-index antisymmetric tensor field with both internal indices.
2Enhanced gauge symmetries on CY manifolds may also appear in some cases in D = 4 as recently
discussed in refs.[10, 11].
–4–
The absence of such a field implies that there are no non-perturbative instanton corrections
to the low-energy effective action describing the vector multiplet sector of the theory [16].
The effective N = 2 supersymmetric lagrangian describing vector multiplets coupled
to supergravity is completely determined by one function V(X), a homogeneous cubic
polynomial of the vector coordinates XΛ [7]. As already mentioned before, in the case
of a theory obtained by compactifying 11-D supergravity on a Calabi-Yau threefold, this
function is given by the intersection form [3]:3
V = 1
6
CΛΣ∆X
ΛXΣX∆ (2.1)
The bosonic part of the lagrangian is given then by [7]
Lb = −
1
2
R− 1
2
gxy∂φ
x∂φy − 1
4
GΛΣF
ΛFΣ +
1
48
CΛΣ∆ǫF
ΛFΣA∆ , (2.2)
where R is the Ricci scalar and in the last term the space-time indices are contracted by us-
ing the completely antisymmetric 5-D ǫ-tensor. The scalars parameterize the hypersurface
V(X) = 1, and their metric is related to the vector metric by
gxy = GΛΣ ∂φxX
Λ∂φyX
Σ
∣∣∣
V=1
. (2.3)
Finally, the vector metric
GΛΣ = −1
2
∂Λ∂Σ lnV|V=1 . (2.4)
For a generic Calabi-Yau manifold there is no preferred vector field, however in the case
of manifolds obtained by K3 fibrations, the form (1.2) of the function V singles out s. We
will dualize the gauge vector field Asµ into an antisymmetric tensor and identify it with the
bµν field of the dual heterotic string theory. The scalar manifold will be parameterized by
tk with k = 1, . . . , h(1,1) − 1; s will be eliminated by using the constraint
V = 1 ⇒ s = 1− C(t)
Q(t)
. (2.5)
3This corresponds to the “very special geometry” of ref.[12].
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Using eq.(2.4) with the constraint (2.5) one obtains
Gss =
1
2
Q2
Gsk =
1
2
(Q∂kC − C∂kQ) (2.6)
Gkl =
1− C
2
(−∂k∂l lnQ+ ∂kC∂l lnQ+ ∂kC∂l lnQ− C∂k lnQ∂l lnQ)
+
1
2
(∂kC∂lC − ∂k∂lC)
The vector field Asµ can be dualized by introducing a Lagrange multiplier term
LLM = 1
48
ǫµνλρσF sµνHλρσ (2.7)
where Hλρσ = ∂λbρσ + ∂σbλρ + ∂ρbσλ is the field strength of the antisymmetric tensor field.
The antisymmetric tensor field equations impose the Bianchi identity on Fs. The duality
transformation is performed by eliminating Fs with the use of its equation of motion:
2GssFs + 2GskFk − 1
4
Qkl ǫFkAl − 1
12
ǫH = 0 , (2.8)
where Qkl ≡ ∂k∂lQ. After substituting Fs into eq.(2.2) the bosonic part of the lagrangian
becomes
Lb = −
1
2
R− 1
2
gxy∂φ
x∂φy +
1
192Gss
H2 − 1
4
(Gkl − GskGsl
Gss
)FkFl +
1
32Gss
QklHFkAl
− Gsk
48Gss
ǫHFk +
1
48
(Cklm − 3Gsk
Gss
Qlm)ǫFkFlAm +
3
64Gss
(QklFkAl)
2 (2.9)
As mentioned in the introduction, in the heterotic theory 1/s plays the role of the 5-D
string coupling constant. The tree level metric of the gauge fields is then given by Gkl =
−1
2
∂k∂l lnQ and the only non-vanishing “Yukawa” couplings involve the antisymmetric
tensor with two gauge fields. The couplings between three gauge bosons, as well as the
mixing of gauge bosons with the antisymmetric tensor will appear at the one loop level.
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3. Heterotic Superstring Compactified to D = 5 on K3 × S1
N = 2 supersymmetric 5-D theory obtained by compactifying heterotic superstring on
K3 × S1 contains a gauge group with the rank ranging from 2 to 2+21, depending on
details of compactification. The 2 gauge bosons are universal: the graviphoton and the
vector dual to the antisymmetric tensor bµν . Here we shall consider a rank 3 example with
one additional U(1) gauge boson associated to S1. It can be constructed by following the
lines of [15] and its further S1 compactification to four dimensions yields the rank 4 model
which on the type II side is described by X24(1, 1, 2, 8, 12) CY compactification [17, 9].
This model contains also 244 massless neutral hypermultiplets. We will derive the exact
effective action describing the interactions of vector multiplets at the two-derivative level.
The vector moduli space of the above rank 3 model contains 2 real scalars, the dilaton
φ whose expectation value determines the 5-D string coupling constant and the radius field
R whose expectation value determines the radius of the circle S1. At a generic point of this
moduli space, the gauge group is U(1)3, with the gauge bosons bµν , gµ6 and bµ6, and there
are no massless charged states. The massive Kaluza-Klein excitations and winding modes
associated to S1 are charged with respect to gµ6 and bµ6, but they are neutral with respect
to bµν . Their left and right momenta belong to a O(1, 1) lattice,
pR,L =
1√
2
(
m
R
± nR) , (3.1)
with integer m and n, therefore their masses depend on the radius R. At R = 1 two
additional massless vector multiplets appear with m = n = ±1, so that pL = 0 and pR =
±√2, and the U(1) factor corresponding to the combination Aµ∼gµ6+bµ6 gets enhanced to
SU(2).
We will now derive the effective action by computing the appropriate superstring am-
plitudes. The string vertices for the gauge fields A and B corresponding to the right- and
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left-moving combinations gµ6±bµ6, in the (−1)-ghost picture, are:
V µA (p, z) = : ψ
µ∂¯X6e
ip·X : (3.2)
V µB (p, z) = : ψ6∂¯X
µeip·X : (3.3)
where Xµ and X6 are the space-time and S1 coordinates, respectively, while ψ
µ and ψ6 are
their world-sheet fermionic superpartners. The vertices for the graviton, dilaton (Vφ) and
antisymmetric tensor are respectively the symmetric-traceless, trace and antisymmetric
parts of
V µν(p, z) =: ψµ∂¯Xνeip·X : (3.4)
Finally, the vertex for the radius is:
VR(p, z) =: ψ6∂¯X6e
ip·X : (3.5)
As explained in the introduction, the general form of the function V which determines
the low energy effective action on the heterotic side is
V = sQ(A,B) + C(A,B) (3.6)
where the first term represents the tree level contribution depending on the quadratic form
Q(A,B) and the one loop correction is described by the cubic function C(A,B). Q(A,B)
can be obtained from the tree-level three-point amplitudes involving one antisymmetric
tensor and two gauge fields. It is easy to see that the only non-vanishing amplitudes are
〈bAA〉 and 〈bBB〉, giving
Q(A,B) = A2 − B2 (3.7)
It follows then from eq.(2.9) that the gauge kinetic terms are not diagonal which can be
confirmed by calculating the amplitude 〈RAB〉. Hence it is convenient to diagonalize the
gauge kinetic terms by changing the vector field basis to
t1 = A+B t2 = B −A , (3.8)
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which is equivalent to going back to gµ6(= A1µ) and bµ6(= −A2µ). The scalar field surface
V = 1 can be parameterized by
R =
(
t1
t2
)1/2
φ =
2π
t1t2
. (3.9)
In this field basis, Q = t1t2, and the the tree-level bosonic part of the lagrangian (2.9)
becomes
Ltreeb = −
1
2
R− φ
16π
(
1
R2
F 21 +R
2F 22 )+
φ2
16π2
(
1
24
H2+
1
2
HF1A2)− 1
2
(∂R)2
R2
− 3
8
(∂φ)2
φ2
(3.10)
The assignment of vertices Vφ and VR to the scalars φ and R can be checked by computing
three-point amplitudes involving one of these scalars and two gauge bosons. Indeed, using
the vertices (3.2-3.5) one can show that the only non-vanishing amplitudes4 of this type
are 〈φAA〉, 〈φBB〉, 〈RAB〉 and 〈φbb〉, in agreement with the lagrangian (3.10) and the
relations (3.8-3.9).
The one-loop function
C = a1t
3
1 + a2t
3
2 + b1t
2
1t2 + b2t
2
2t1 (3.11)
is parameterized by four constants a1,2 and b1,2. In fact, the physical amplitudes depend
on a1,2 only, since the last two terms can be eliminated by shifting the “dilaton” s,
s→ s− b1t1 − b2t2 , (3.12)
which corresponds to a perturbative symmetry of the heterotic theory. In order to extract
a1,2 it is sufficient to consider the “Yukawa” couplings between three gauge bosons. The
relevant interaction terms obtained from eq.(2.9) have the form
L1-loopY =
1
48
a1ǫF1F1A1 +
1
8
(−2a1R2 + a2
R4
)ǫF1F1A2 + (1↔ 2, R↔ 1
R
) . (3.13)
4As usual, the space-time momenta have to be complexified in order to avoid kinematical constraints
which make these amplitudes zero on-shell.
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Using the above expression, it is straightforward to express all 3-gauge boson amplitudes
in terms of the unknown constants a1,2. In order to make contact with the superstring
computation, it is convenient to go back to the A,B basis (3.8) of the vertex operators.
One finds that the amplitudes 〈BBB〉 and 〈BBA〉 vanish while
〈Aµ(p1)Aν(p2)Bλ(p3)〉 = 1
2
ǫµνλρσp
ρ
1p
σ
2 (a1R
3 +
a2
R3
) (3.14)
〈Aµ(p1)Aν(p2)Aλ(p3)〉 = 3
2
ǫµνλρσp
ρ
1p
σ
2 (a1R
3 − a2
R3
) (3.15)
The above one-loop amplitudes receive contribution from the odd spin structure only.
There is one gauge boson vertex in the (−1)-ghost picture and the other two in the 0-picture
which are obtained from (3.2,3.3) by replacing ψµ (ψ6) by ∂X
µ+ip · ψψµ (∂X6+ip · ψψ6).
In addition there is a world-sheet supercurrent insertion,
TF =: ψ
µ∂Xµ + ψ6∂X6 : +T
int
F (3.16)
where T intF represents the internal K3 part, as well as the ghost contribution. In the odd
spin structure, six fermionic zero-modes must be saturated to yield a non-zero result. It
follows that the amplitudes 〈BBB〉 and 〈BBA〉 vanish as expected, while in the other two
the saturation of the fermionic zero-modes gives rise to the ǫ-tensor as in eqs.(3.14,3.15).
One obtains:
〈Aµ(p1)Aν(p2)Bλ(p3)〉 = ǫµναρσpρ1pσ2
∫
Γ
d2τ
τ2
3∏
i=1
∫
[d2zi]
〈
∂¯X6(z¯1)∂¯X6(z¯2)∂¯Xλ(z¯3)∂X
α(0)
〉
odd
(3.17)
〈Aµ(p1)Aν(p2)Aλ(p3)〉 = ǫµνλρσpρ1pσ2
∫
Γ
d2τ
τ2
∫ 3∏
i=1
[d2zi]
〈
∂¯X6(z¯1)∂¯X6(z¯2)∂¯X6(z¯3)∂X6(0)
〉
odd
(3.18)
where τ = τ1 + iτ2 is the Teichmu¨ller parameter of the world-sheet torus and Γ its funda-
mental domain.
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The contraction of ∂¯Xλ with ∂X
α in eq.(3.17) gives
〈
∂¯Xλ(z¯3)∂X
α(0)
〉
= −δαλπ/4τ2.
The two ∂¯X6 insertions are replaced by their zero modes since their contractions yield
total derivatives which vanish upon zi integration. Similarly in eq.(3.18), ∂X6 and all
∂¯X6’s are replaced by their zero modes. After performing the zi integrations and taking
into account the left-moving part of all determinants, we find:
〈Aµ(p1)Aν(p2)Bλ(p3)〉 = 1
2
ǫµνλρσp
ρ
1p
σ
2 I (3.19)
〈Aµ(p1)Aν(p2)Aλ(p3)〉 = 3
2
ǫµνλρσp
ρ
1p
σ
2 R∂RI (3.20)
where
I = 1
16
∫
Γ
d2τ
τ 22
∂τ¯ (τ
1/2
2 Z)F¯ (τ¯ ) (3.21)
with Z being the S1 partition function,
Z =
∑
pL,pR
eiπτp
2
Le−iπτ¯p
2
R . (3.22)
F¯ (τ¯) is an R-independent antimeromorphic form of weight −2 in τ¯ with a simple pole at
infinity due to the tachyon of the bosonic sector [13], F¯ ∼ i
π2
e−2iπτ¯ . In deriving eq.(3.20)
we used the explicit form of lattice momenta (3.1).
To evaluate the integral I we start from the identity:
[(R∂R)
2 − 1]Z = 16τ 3/22 ∂τ∂τ¯ (τ 1/22 Z) (3.23)
which implies the following differential equation:
[(R∂R)
2 − 9]I =
∫
Γ
d2τF¯ (τ¯ )∂τ{ 1
τ 22
∂τ¯ [τ
2
2 ∂τ¯ (τ
1/2
2 Z)]} (3.24)
The r.h.s. being a total derivative with respect to τ vanishes away from the enhanced
symmetric point R = 1. At R = 1, the surface term gives rise to a δ-function due to singu-
larities associated to the additional massless particles which enhance the gauge symmetry
to SU(2)×U(1)2. Expanding pL, pR around R = 1 for these states, it is easy to show that
the surface term becomes proportional to:
lim
τ2→∞
τ
1/2
2 e
−πτ2(R−
1
R
)2 =
1
2
δ(R− 1) .
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In terms of the “time” variable lnR, eq.(3.24) becomes the one-dimensional propagator
equation with the mass squared −9. Its general solution is
I = 1
3
e−3| lnR| + α(R3 +
1
R3
) , (3.25)
where α is an arbitrary constant depending on the boundary conditions. Since at R→∞
I → 0 as O(R−3), cf. eq.(3.21), α = 0, so that
I = 1
3
[θ(R− 1) 1
R3
+ θ(1− R)R3] . (3.26)
By comparing eqs.(3.19,3.20) with (3.14,3.15) we find
a1 =
1
3
θ(1− R) , a2 = 1
3
θ(R− 1) . (3.27)
This result can also be checked by studying the mixing between the antisymmetric
tensor and the gauge bosons. The relevant lagrangian term, cf. eq.(2.9), is
L1-loopHF =
1
48
(−2a1R2 + a2
R4
)ǫHF1 + (1↔ 2, R↔ 1
R
) . (3.28)
These interactions generate in particular the amplitudes involving one antisymmetric tensor
field, one of the gauge bosons and one scalar. Going back to the A,B basis, it is easy to
see that the only non-vanishing amplitudes involve the gauge field A and the radius scalar
R:
〈Aµ(p1)bνλ(p2)R(p3)〉 = 1
2
ǫµνλρσp
ρ
1p
σ
2 (a1R
3 +
a2
R3
) (3.29)
The superstring computation of such amplitudes proceeds in a similar way as in the previous
case. Only the odd spin structure contributes, and the zero-mode counting argument shows
that (3.29) is indeed the only non-vanishing amplitude. One finds
〈Aµ(p1)bνλ(p2)R(p3)〉 = ǫµναρσpρ1pσ2
∫
Γ
d2τ
τ2
3∏
i=1
∫
[d2zi]
〈
∂¯X6(z¯1)∂¯Xλ(z¯2)∂¯X6(z¯3))∂X
α(0)
〉
odd
. (3.30)
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This correlation function can be evaluated as (3.17) with the result
〈Aµ(p1)bνλ(p2)R(p3)〉 = 1
2
ǫµνλρσp
ρ
1p
σ
2 I (3.31)
which becomes compatible with the field-theoretical expression (3.29) after using eqs.(3.26)
and (3.27).
To summarize, the result of the heterotic superstring computation is the function
V = st1t2 + 1
3
θ(t2 − t1)t31 +
1
3
θ(t1 − t2)t32 (3.32)
The discontinuity at t1 = t2 (R = 1) is due to the appearance of massless particles at the
enhanced symmetry point. It is analogous to the logarithmic singularity of the prepotential
in D = 4, however the infrared behavior of five-dimensional theory is different than in four
dimensions.
In fact, eq.(3.32) can be derived by studying the 4-D theory obtained by a compacti-
fication on K3 × T2 in the limit when one of the T2 radii goes to infinity. In the rank 4
(STU) model of refs.[15, 9], the moduli space of T2 is characterized by two complex moduli
T and U which parameterize the metric and the antisymmetric tensor b56. Taking b56 = 0
and a diagonal T2 metric, with g55 = R
2
5/2→∞ and g66 = R2/2 we have:
T = iR5
R√
2φ
U = i
R5
R
√
2φ
S = 2iR5φ . (3.33)
These equations follow from the usual relations between 5-D and 4-D scalars [7] upon the
identification t1 → T , t2 → U and s→ S as dictated by the form of the lagrangian (3.10).
Eqs.(3.33) imply that all three moduli go to infinity in the decompactification limit. The
order of the these limits correspond to different domains of the (R, φ) space. The 5-D
perturbative region corresponds to
(2φ)−3/2 < R < (2φ)3/2 , (3.34)
which implies that the weak coupling limit S → i∞ has to be taken first. The tree-level
“Yukawa” coupling fSTU = 1 coincides with Cs12 in five dimensions upon the identification
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s = S, t1 = T , t2 = U . Then, using the one loop result [13, 14]
5
fTTT = − i
π
jT (T )
j(T )− j(U)
{
j(U)
j(T )
}{
jT (T )
jU (U)
}{
j(U)− j(i)
j(T )− j(i)
}
(3.35)
we find that in the R5 →∞ limit
fTTT → 2
1− e2π(R−1/R)R5/
√
2φ
→ 2θ(1−R) = 6a1 = C111 . (3.36)
Similarly,
fUUU → 2θ(R− 1) = 6a2 = C222 . (3.37)
The above expressions agree with the result (3.27) obtained by means of a direct compu-
tation in D = 5.
In four dimensions, the infinite moduli limit taken in the manner described above forces
the effective theory into the perturbative regime, suppressing non-perturbative effects. This
occurs, however, not only in the limit of asymptotically small 5-D coupling, but in the finite
interval (3.34). Thus, the heterotic result (3.32) is exact in this region of the parameter
space. SU(2) gauge group remains unbroken at R = 1 at the non-perturbative level.
A similar analysis is even simpler for models of rank 2 which upon compactification
to D = 4 become equivalent to type II superstring compactified in CY manifolds with
h(1,1) = 3, like X12(1, 1, 2, 2, 6) and X8(1, 1, 2, 2, 2) [15, 18]. In this case there is no enhanced
gauge symmetry point and the heterotic tree-level action with V ∼ st2 does not receive
loop corrections in the weak coupling region t < 1.
4. Heterotic Superstring, 11-D Supergravity and p-branes
In this section we will discuss some aspects of duality between N = 2 supersymmetric
heterotic superstring in five dimensions and 11-D supergravity theory compactified on a
5We make a factor 1/2 adjustment to the result [13] taking into account different normalization of S.
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Calabi-Yau threefold. The latter contains BPS states obtained by wrapping two- and five-
branes on even CY cycles. It has been argued before that 11-D supergravity describes the
strong coupling limit of 10-D type IIA superstring theory [1]. In order to see a similar
connection in D = 5, it is convenient to consider first further compactification from D = 5
to D = 4 on S1. Then using duality between heterotic theory on K3 × S1 × S1 and type II
on Calabi-Yau, the 5-D decompactification limit R5 →∞ corresponds to the large volume
(complex structure) limit of the CY manifold on the type IIA (IIB) side, see eq.(3.33).
In the previous section we have shown that the effective action describing the heterotic
side exhibits exact singularities due to enhanced gauge symmetries. These singularities,
as viewed from the type II side, provide a strong evidence for the presence of enhanced
gauge symmetry points on CY threefolds obtained by K3 fibrations, in the large complex
structure limit. This is similar to the case of K3 twofolds where the presence of enhanced
symmetries is related to duality in seven dimensions, between 11-D theory compactified on
K3 and heterotic superstring theory compactified on T3 [1, 2, 19].
Let us first consider the central charge formula in five dimensions, for a generic super-
gravity theory. From the supersymmetry algebra it follows that the central charge is
Ze =
∑
Λ
tΛeΛ , (4.1)
where tΛ = (s, ti) are the D = 5 special coordinates and eΛ are the electric charges. The
dual formula for the “magnetic” charges (string-like objects) is
Zm =
∑
Λ
tΛm
Λ , (4.2)
where
∑
Λ t
ΛtΛ = 1, therefore
tΛ = CΛΣ∆t
Σt∆ . (4.3)
From the heterotic point of view ei correspond to the usual (perturbative) electric charges
of Kaluza-Klein excitations and winding modes, ms is the charge of the fundamental string,
while mi and es arise from 10-D solitonic five-branes wrapping around K3 and K3 × S1,
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respectively [20, 21, 22]. In the dual 11-D supergravity theory, these states originate from
two- and five-brane solitons which wrap even cycles in the Calabi-Yau space [3, 16]:
eΛ =
∫
C4Λ×S3
G7 , m
Λ =
∫
CΛ
2
×S2
F4 , (4.4)
where F4 is the field strength of the three-index antisymmetric tensor field and G7 =
δL/δF4 is its dual; CΛ2 and C4Λ, Λ = 1, . . . , h(1,1), are two- and four-cycles in the CY space,
respectively, while S2 and S3 are two- and three-dimensional spheres in 5-D spacetime.
In the case under discussion with two vector multiplets and V = 1
6
CΛΣ∆t
ΛtΣt∆ = sQ(t)+
C(t), we have
Ze = ses + t
1e1 + t
2e2 =
1− C(t)
Q(t)
es + t
1e1 + t
2e2 . (4.5)
For C(t) = 0, this formula gives
Ze =
1
g25
es + g5(Re1 +
1
R
e2) , (4.6)
where g25 ≡ 2π/φ. Note that eq.(4.6) reproduces the O(1, 1) Narain lattice (es = 0) and
also the Witten formula (e1 = e2 = 0, es 6= 0) [1] for the non-perturbative states which are
electrically charged with respect to the bµν field. In the presence of one-loop corrections
C(t) calculated in the previous section, the central charge becomes:
Ze = (
1
g25
− 1
3
g5R
3)es + g5(Re1 +
1
R
e2) , (4.7)
for R < 1 and a similar expression with R→ 1/R for R > 1.
Eq.(4.7) raises the question about existence of massless states with vanishing Ze (and/or
Zm). On the heterotic side, we do certainly have enhanced gauge symmetry at R = 1 and
possibly also at some other non-perturbative point or line with g5 related to R. What
is the interpretation of these points on the CY side? Considering 5-D CY theory as a
decompactification limit of the 4-D theory corresponds to taking the limit S → i∞, T →
i∞, U → i∞ while keeping all ratios fixed, see eq.(3.33). If we send S → i∞ first,
we obtain the Yukawa coupling of ref.[17] in agreement with the perturbative heterotic
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computation [13]. The result (3.36,3.37) exhibits a discontinuity due to the existence of an
enhanced symmetry point at T = U . The other enhanced symmetry points, associated to
SU(3) and SO(4) gauge groups, disappear for large T, U , however the SU(2) gauge group
remains intact at T = U (R = 1).
In the decompactification limit, the mass of a state as measured in D = 5 is related to
its original 4-D mass in the following way:
M25 = lim
R5→∞
R5M
2
4 (R5) (4.8)
Furthermore, by comparing 5-D and 4-D theories it is easy to show that the respective
moduli are related by [7]:
TΛ = tΛR5 , (4.9)
where TΛ and tΛ are the 4-D and 5-D moduli, respectively, so that CΛΣ∆T
ΛTΣT∆ = R35, in
agreement with the standard supergravity result. Starting from the 4-D BPS mass formula
[23] specified to the case of large S, T and U moduli, with the Ka¨hler potential
K(S, T, U) ∼ − lnV ∼ −3 lnR5 , (4.10)
one obtains (in the absence of magnetic charges)
M25 = lim
R5→∞
R5M
2
4 (R5) = lim
R5→∞
eK |Ses + Tet + Ueu|2R5 = |ses + tet + ueu|2 , (4.11)
in agreement with eq.(4.1).
The large radius limit is different however for states associated to singular points in
the moduli space for which eK does not fall off like R−35 . This happens for massive hy-
permultiplets which become massless at the conifold points [24]. Their 4-D mass is given
by
M24 = e
K |Z|2 , (4.12)
which goes to zero in the Z → 0 conifold limit. Near Z = 0, the prepotential behaves as
F ∼ iZ2 lnZ. The corresponding Ka¨hler potential, after setting Z = zR5, behaves as
e−K = [2zz¯ ln zz¯ + 2zz¯ lnR25 − (z − z¯)2]R25 ∼ 2zz¯R25 lnR25 . (4.13)
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Using eq.(4.12) we obtain
M24 ∼
1
lnR5
, (4.14)
so that
M25 = lim
R5→∞
R5M
2
4 ∼
R5
lnR5
→∞ . (4.15)
We see that although the 4-D mass goes to zero in the large radius limit, the 5-D mass di-
verges, therefore these states are not present in the decompactified theory. This is expected
from the fact that they are due to the world-sheet instanton effects which arise from the
mirror map, but such effects are not present in five dimensions as mentioned in section 2.
On the other hand, massive vector multiplets which never become massless in D = 4,
keep a finite mass in the 5-D decompactification limit. Furthermore, two massless vector
multiplets appear at R = 1, enhancing one of the U(1)’s to SU(2). This can be compatible
with the type IIA description if we accept the existence of enhanced symmetry points on
Calabi-Yau threefolds in the large volume limit, for t1 = t2 i.e. at R = 1. A similar
phenomenon occurs in the case of the heterotic superstring compactified on T3 which is
dual to 11-D theory compactified on K3, where enhanced symmetry points do indeed exist
[1, 2, 19]. As shown in refs.[1, 19], the enhanced symmetry points of the Narain lattice
correspond to rational curves which shrink to zero size i.e. orbifold points on the K3 side.
A necessary condition for the existence of such points is the vanishing of the two-index
antisymmetric tensor field. This is automatic in 11-D supergravity with p-branes since
there is no two-form wrapping a complex curve. It follows that the dual pair consisting
of 11-D theory compactified on K3 and heterotic superstring compactified on T3 is fully
described by classical physics of the K3 side. In the case of CY threefolds in D = 11 we are
in a similar situation since there is no two-index antisymmetric tensor field, hence there are
no “instanton” effects [3, 16]. Here again, massless vector multiplets do appear, reflecting
the underlying K3 fibration of the Calabi-Yau manifold. The description of our dual pair
as a classical Calabi-Yau compactification of 11-D theory should remain exact. Note that
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in a more general case, massless charged hypermultiplets could also exist at the enhanced
symmetry points. Their vacuum expectation values would connect Calabi-Yau threefolds
with distinct topologies in analogy with the 4-D example of ref.[10].
The central charge formulae (4.1-4.7) indicate that further enhanced symmetries (and/or
massless states) may be present for other values of t1, t2.6 In particular, massless states
could appear which are charged with respect to bµν . They would induce non-perturbative
modifications of the Yukawa couplings, possibly generating V-terms that are also quadratic
and/or cubic in s. In the next section we will show that such points do indeed exist in the
strong coupling regime of 5-D heterotic theory.
5. Strong Coupling Regime of 5-D Heterotic Theory
In order to derive the effective heterotic action in the strong coupling regime, we will
first compactify the 5-D model to D = 4 on a circle of radius R5. By using duality we know
that the exact theory is described by type II superstring compactified on an appropriate
CY threefold. Then, we go back to D = 5 by taking the limit R5 → ∞ in a way that
corresponds to the strong coupling of the heterotic model. We will illustrate this procedure
on the two-moduli (ST ) example which on the type II side correspond to X12(1, 1, 2, 2, 6)
CY model.
This model contains, at least in the weak coupling region, the antisymmetric tensor
multiplet coupled to N = 2 supergravity in five dimensions.7 The effective action (2.9) is
described in this region exactly by the function
V = st2 + b t3 , (5.1)
where b is a constant. The t3 term is unphysical at the perturbative level since it can be
6These could be related to non-perturbative enhanced symmetries recently discussed in ref.[25].
7It contains also 129 hypermultiplets which are irrelevant to the following discussion.
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removed by shifting s as in eq.(3.12).
Eq.(5.1) can be recovered from the decompactification limit of the corresponding D = 4
rank 3 model, with the 4-D moduli fields identified as
T = itR5 S = i
R5
t2
. (5.2)
The weak coupling region is defined by ImS > ImT which corresponds to t < 1. This
implies that when R5 → ∞ the limit S → i∞ should be taken first to recover the weakly
coupled heterotic model in D = 5. In fact as S → i∞, the heterotic prepotential has the
form
F = ST 2 + f(T ) +O(e2iπS) (5.3)
where f is the one loop correction of ref.[26]. f is defined up to a quartic polynomial
with real coefficients which can be removed by a symplectic change of basis that is also
a symmetry of the perturbative theory. Furthermore, it is easy to show that ∂5T f → 0 as
T → i∞. It follows that in the decompactification limit V is given by eq.(5.1) in the weak
coupling region t < 1.
To find the decompactification limit in the full range of the coupling t, we consider the
exact prepotential of the dual type II model X12(1, 1, 2, 2, 6) [15]. The Yukawa couplings
are given by the following expression, as functions of the N = 2 special coordinates T1 and
T2 [27, 17]:
Fijk = F0ijk +
∑
0≤n1,n2∈Z
ninjnkN(n1, n2)q
n1
1 q
n2
2
1− qn11 qn22
, (5.4)
where qi = exp(2iπTi) and F0ijk are the intersection numbers with F0111 = 4, F0112 = 2 and
F0122 = F0222 = 0; N(n1, n2) are the instanton numbers, the first few of which have been
explicitly given in ref.[27]. In order to relate type II to its dual heterotic theory, the special
type II coordinates T1 and T2 must be mapped to the special heterotic coordinates S and
T . The perturbative tests of duality [15, 26] dictate T1 = T and T2 = S + αT , where α
is an arbitrary constant. In ref.[9] it has been argued that α = −1 based on the physical
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requirement that the non-perturbative monodromy transformation T1 → T1+T2, T2 → −T2
preserves the positivity of ImS i.e. of the inverse square of the coupling constant.
Let us consider first the decompactification limit S, T → i∞ in the weak coupling region
ImS > ImT . In such a limit the instanton sum of eq.(5.4) vanishes and we obtain:
V = st2 − 1
3
t3 (t < 1) , (5.5)
in agreement with eq.(5.1) with b = −1/3. Note that the perturbative symmetry (3.12) is
broken by non-perturbative effects to a quantized dilaton shift s→ s + nt with n integer.
Hence the t3 term of eq.(5.5) cannot be removed at the non-perturbative level.
In the strong coupling region ImT > ImS →∞, the instanton sum of eq.(5.4) becomes
− ∑
0≤n1<n2∈Z
ninjnkN(n1, n2) (5.6)
For n1 ≥ 1 the instanton numbers N(n1, n2) vanish for n1 < n2 while N(0, n2) = 2δ1n2 [27].
Hence, only F222 receives a non vanishing contribution −2 from the instanton sum. This
result can also be obtained from the small q1 expansion of the Yukawa couplings given in
eq.(5.7) of ref.[28]:
F222 = 2q2
1− q2 +O(q1) . (5.7)
It follows that
V = s2t− 1
3
s3 (t > 1) . (5.8)
Note that eq.(5.8) is the same as eq.(5.5) with s and t interchanged reflecting a non-
perturbative symmetry.
The final result for the function V in the two-moduli model, eqs.(5.5,5.8), can be written
as
V = [st2 − 1
3
t3]θ(1− t) + [s2t− 1
3
s3]θ(t− 1) . (5.9)
As mentioned in section 3, this model has no enhanced gauge symmetry point in the weak
coupling regime. The conifold singularity which is present in four dimensions at T = i
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disappears upon decompactification to D = 5. On the other hand a discontinuity appears
in the exact theory at t = 1 which corresponds in four dimensions to the non-perturbative
singularity at S = T (q2 = 1, cf. eq.(5.7)). This is a fixed point of the non-perturbative
monodromy transformation S ↔ T which exchanges the heterotic string coupling constant
with the compactification radius. Following the discussion of section 3, the singularity at
t = 1 must be due to solitonic excitations which become massless at this point in five
dimensions. Their existence is clearly a generic feature of the 5-D theory.
In fact, the above analysis can be extended in a straightforward way to the rank 3
model studied in section 3 which upon compactification to D = 4 becomes dual to type
II superstring on X24(1, 1, 2, 8, 12) CY threefold. Here again, in the strong coupling region
(2φ)−3/2 > R > (2φ)3/2 [ImS < max{ImT, ImU}] one finds θ-function discontinuities which
are due to non-perturbative states that become massless at S = T and S = U .
In conclusion, there is a correspondence between the singularity structure of moduli
spaces of 5-D and 4-D theories which comes out very clearly from our analysis. InD = 4, the
enhanced symmetry points generically disappear for finite values of the heterotic coupling
constant, being replaced by conifold singularities. In D = 5, enhanced symmetries survive
non-perturbative effects and conifold singularities are absent. The additional singularities
whose existence is a generic feature of CY compactifications have a very clear interpretation
in D = 5. They are due to massless non-perturbative states which manifest their presence
through discontinuities of the effective action. It would be interesting to determine what
are the quantum numbers of these states.
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